
Multiplication 
Factor (Part II) & 
Slowing Down



▪ For a reactor with neutron production rate P, absorption rate (A) and leakages (L), we can define 
the multiplication factor as:

𝐤 = 𝐌𝐮𝐥𝐭𝐢𝐩𝐥𝐢𝐜𝐚𝐭𝐢𝐨𝐧 𝐅𝐚𝐜𝐭𝐨𝐫 =
The number of fissions in generation i

The number of fissions in previous generation (i – 1)
=

P

A + L

▪ If one fission leads to more than one fission the fission rate increases in time exponentially

▪ Such a reactor is called supercritical and k >1

▪ If one fission leads to less than one fission the fission rate decreases in time and eventually the 
chain reaction stops

▪ Such a reactor is called subcritical and k < 1

▪ If one fission leads on average to exactly one other fission the chain reaction is self-sustained.

▪ Such reactor is called critical and k =1

Reminder on Multiplication Factor



▪ For a critical infinite system:

k∞ =
P

A
=
തνΣf
Σa

=
തνΣf

Σa,fuel + Σa,nonFuel
=

തνΣf
Σa,fuel

⋅
Σa,fuel

Σa,fuel + Σa,nonFuel
= η ⋅ f = 1

where f is the fuel utilization factor, i.e. how many neutrons are absorbed in the fuel per total 
absorption in the system.

▪ In finite systems some neutrons escape, so k∞ = 1 is not enough. One talks about k-effective

keff =
P

A + L
=
P

A

A

A + L
= k∞ ⋅ PNL = 1

where 𝐏𝐍𝐋 is the non-leakage probability, i.e. the probability that one neutron remains in the 
system without leaking and is finally absorbed in the system (parasitic or fissile).

Critical Reactors – One-group Reactor Equation 3



▪ For a thermal reactor, neutrons are born fast and are absorbed in thermal range. 

▪ “Slowing down factor” of almost 108!  (From approx. 2 MeV to 0.0253 eV)

▪ Moderators needed (light nuclei: H2O, graphite,…)

Fission spectrum → Thermal spectrum
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For a thermal reactor one can express the multiplication factor in a convenient form:

Infinite Thermal Reactor – 4 factor formula 5

k∞ =
P

A
=

P

Pth
×

Pth

Ath
fuel

×
Ath
fuel

Ath
×
Ath
A

= ε × ηth × f × p

ε =
P

Pth
=
Pth + Pfast

Pth
= 1 +

Pfast
Pth

ηth =
Pth

Ath
fuel

< ν

f =
Ath
fuel

Ath
=

Ath
fuel

Ath
fuel + Ath

nonFuel

p =
Ath
A

=
A − Areson

A
= 1 −

Areson
A

Eta or (thermal) fission factor: # of n emitted per 

thermal neutron absorbed in fuel. Typical value ~ 2.02

(Thermal) Fuel utilization factor: fraction of

thermal neutrons asorbed in fuel. Typical value ~ .87 

Resonance escape probability = fraction of n 

absorbed in thermal region. Typical value ~ 0.8 

Fast fission factor: bonus from fast fissions in 

non-fissile material. Typical value ~ 1.04 



4 factor formula – Thermal Multiplication Factor 6

ηth =
Pth

Ath
fuel

< ν
Eta or (thermal) fission factor: # of n emitted per 

thermal neutron absorbed in fuel. Typical value ~ 2.02

ηth =
Pth

Ath
fuel

=
VF(νΣf,th

F ϕ)

VF(Σa,th
F ϕ)

Σf,th
F = ν෤eNFσf,th

235

Σa,th
F = ෤eNFσa,th

235 + 1 − ෤e NFσa,th
238 + NOσa,th

O

= ෤eNFσa,th
235 + 1 − ෤e NFσa,th

238 + 2NFσa,th
O

ηth =
νΣf,th

Fuel

Σa,th
fuel

=
ν෤eσf,th

235

෤eσa,th
235 + 1 − ෤e σa,th

238 + 2σa,th
O

Depends only on fuel properties!

▪ Assume as fuel (F) material UO2, with U nuclide density NF and enrichment ෤e



4 factor formula – Fuel Utilization Factor 7

f =
Ath
fuel

Ath
=

VFΣa,th
F ϕ

VFΣa,th
F ϕ + VMΣa,th

M ϕ

Σa,th
F = ෤eNFσa,th

235 + 1 − ෤e NFσa,th
238 + 2NFσa,th

O = NFσa,th
F

(where 𝜎𝑎,𝑡ℎ
𝐹 is an effective average micro-XS for fuel)

f =
VFΣa,th

F ϕ

VFΣa,th
F ϕ + VMΣa,th

M ϕ
=

1

1 +
𝜎a,th
M

𝜎a,th
F ⋅

NM

NF ⋅
VM

VF

Depends on both material 

properties and moderator 

to fuel ratio
NM

NF

VM

VF
!

▪ Assume mixture of fuel (F) material UO2 and moderator (M)

▪ Homogenous assumption i.e. they “see” the same flux

f =
Ath
fuel

Ath
=

Ath
fuel

Ath
fuel + Ath

nonFuel

(Thermal) Fuel utilization factor: fraction of

thermal neutrons asorbed in fuel. Typical value ~ .87 

Σa,th
F+M = NFσa,th

F + NMσa,th
M

1

f

NM

NF

VM

VF



4 factor formula – Fast Fission Factor 8

ε =
P

Pth
=
Pth + Pfast

Pth
= 1 +

Pfast
Pth

Fast fission factor: bonus from fast fissions in 

non-fissile material. Typical value ~ 1.04 

ε = 1 +
Pfast
Pth

= 1 +
𝜈𝑓𝑎𝑠𝑡
235 ෤eNFσf,𝑓𝑎𝑠𝑡

235 + 𝜈𝑓𝑎𝑠𝑡
238 1 − ෤e NFσf,𝑓𝑎𝑠𝑡

238 𝜙𝑓𝑎𝑠𝑡

𝜈𝑡ℎ
235෤eNFσf,𝑡ℎ

235𝜙𝑡ℎ

The ratio on the right depends significantly on the 

moderator to fuel ratio
NM

NF

VM

VF
between 0.02 and 0.3!

1

ε

NM

NF

VM

VF



Infinite Thermal Reactor – 4 factor formula 9

p =
Ath
A

=
A − Areson

A
= 1 −

Areson
A

Resonance escape probability = fraction of n 

absorbed in thermal region. Typical value ~ 0.8 

p ≈ exp −
VFNF 1 − ෤e

VMξMΣ𝑠
𝑀 𝐼

= exp −
VFNF 1 − ෤e

NMVMξMσ𝑠
𝑀 𝐼

▪ I is the resonance integral; it describes the effectiveness of the 
moderator in slowing down the neutrons past the resonance region.

▪ Σ𝑠
𝑀 is the scattering cross section of the moderator.

▪ NF 1 − ෤e is the number density of the fertile material (U238).

▪ ξM is the average logarithmic energy decrease per collision (see later 
slides)

▪ p is also a function of fuel to moderator ratio → tends toward 1 as 
moderator ratio increases.

1

𝑝

NM

NF

VM

VF



Infinite Thermal Reactor – 4 factor formula 10

k∞ = ε
NM

NF

VM

VF
× ηth × f

NM

NF

VM

VF
× p

NM

NF

VM

VF

1

k∞
k∞
𝑚𝑎𝑥

෤e

▪ In our simplified model of a thermal reactor, we found that k∞is a function of material properties 
(XS, densities, enrichment) and of moderator to fuel ratio!

▪ As a function of moderator to fuel ratio, k∞ increases, 
reaches a maximum and then decreases (different effects 
at play).

▪ To have a critical reactor k∞ > 1, so there is a lower limit 
enrichment we can allow in a given reactor (that for which 
max k∞ =1).

▪ LWR are operated typically in under-moderated regions:
when moderator density decreases, the multiplication 
factor decreases.

Over-moderatedUnder-moderated

NM

NF

VM

VF



▪ For a reactor of finite size, one needs to consider the fraction of neutrons that leaks out:

• Non-leakage probabilities: Pf (for fast neutrons), Pth (for thermal)

▪ Thus, the effective multiplication factor is: keff = k∞PfPth = εηthf pPfPth

▪ With respect to one-group neutron balance one finds

11Finite Thermal Reactor – 6 factor formula

fast neutron born

neutron becomes thermal

thermal neutron

absorbed

A

B

C

 M2𝑃𝑁𝐹 = PfPth ≈
1

1 + 𝑀2𝐵2

𝑘eff ≈
𝑘∞

1 + 𝑀2𝐵2



Neutron life circle

Fast

fission

ε = 1.04

Fast

non-leakage

Pf = 0.865

Thermal

non-leakage

Pt = 0.861

Resonanc

e escape

p = 0.8

Thermal 

utilization

f = 0.799

Repro-

duction

ηT = 2.02

1000 fast n's
at start of 
generation

1040 fast
neutrons

900 fast 
neutrons

720 thermal
neutrons

620 thermal
neutrons

495 thermal
neutrons

1000  fast n's 
at start of next 

generation

140 fast n's leak from core

125 thermal n's absorbed in non-fuel

Net increase of 
40 fast n's from 

fast fission

180 n's absorbed 
by resonance 
peaks while 
slowing down

100 thermal 
n's leak 
from the 
core

Net increase of 
505 fast n's from 

thermal fission

N0 N0 ε Pf p
N0 ε Pf p Pt f ηT

k eff = ε Pf p Pt f ηT

6-factor formula
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▪ A thermal reactor has neutrons between ~ 2 MeV and ~ 0.01 eV

• One needs to study how neutrons change E on average across this range.

• Slowing down process determines the “thermal -neutron source”

→One needs to determine the neutron energy spectrum (flux as a function of space and energy) for 
evaluating different reaction rates.

→In LWRs, one needs to choose a material to slow down the neutron efficiently, i.e. with as 
little absorption as possible.

Slowing Down 13



▪ Most important slowing-down mechanism: elastic scattering by moderator nuclei

• Inelastic scattering also plays a role, but only for fast neutrons  (E ≥ 1 MeV)

▪ Typically, one considers the c-mass system where the velocity  before and after collision 
remain the same, only direction changes (derivation not discussed).

Study of an Elastic Collision

Laboratory system                                                       Centre of mass system

 

vl

v'l

V'l

v0

v'c = vc

V'c = Vc

vc = vl – v0
Vc = –v0
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Using the c-mass system one obtains (skipping derivation) the fractional energy loss as:

where the new paramter 𝛼 =
𝐴−1

𝐴+1

2
depends only on material mass number.

NOTE that:

▪ When 𝜃 = 0, there is the minimum energy loss i.e. 
ΔEl

El
= 0 or E′l = El

▪ For 𝜃 = 𝜋, there is the maximum energy loss i.e. 
ΔEl

El
= (1 − 𝛼) or E′l = 𝛼El

ΔEl
El

= 1 −
E′l
El

= 1 −
(𝑣′l)

2

(𝑣l)
2
= 1 −

A2 + 2Acos𝜃 + 1

(A + 1)2
= (1 − 𝛼)

1 − cos𝜃

2




Direction of incidence

l'v

0v

cc vv ='

Study of an Elastic Collision - Fractional Energy Loss 15



▪ Probability distribution function P(E→E’):

P(E→E')dE’ is the probability that a neutron with the laboratory energy E will have after 
collision an energy between E' and E' + dE’

▪ In case of isotropic scattering in the center-of-mass system:

▪ For hydrogen: 

Study of an Elastic Collision - Fractional Energy Loss

P(E → E′) =
1

E

P(E → E′) = ቐ

1

E 1 − α
αE < E′ < E

0 0 < E′ < αE

E E
E'

P(E→E')

)1(

1

−E
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▪ Average energy loss depends on material (𝛼) and energy E

▪ One finds that the average logarithmic energy loss per collisions (slow down decrement or 

𝝃) depends not on energy but only on A! 

Study of an Elastic Collision  - Slow down decrement

For  A > 10

Δ𝐸 = න

0

∞

𝐸 − 𝐸′ ⋅ 𝑃 𝐸 → 𝐸′ 𝑑𝐸′ = න

𝛼𝐸

𝐸

𝑑𝐸′
𝐸 − 𝐸′

1 − 𝛼 𝐸
=
1 − 𝛼

2
𝐸

  








−
=

E

E

dE
E

E

)(



 '

'
ln

1E

1



𝜉 ≈
2

𝐴 +
2
3
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▪ For a mixture of nuclides:

▪ So for instance for water:

Study of an Elastic Collision  - Slow down decrement

ҧξ =
1

Σs
෍

i

Σsiන

0

∞

ln
E

E′
⋅ Pi E → E′ dE′ =

1

Σs
෍

i

Σsiξi
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ξ𝐻2𝑂 =
ΣsHξH + Σs𝑂ξO
ΣsH + Σs𝑂

=
2𝜎sHξH + 𝜎s𝑂ξO
2𝜎sH + 𝜎s𝑂



Moderator characteristics

≈ A

ξ
Be9 ξ=0.209

C12 ξ=0.158

Na23 ξ=0.0825

Fe56 ξ=0.0357

U238 ξ=0.00838

O16 ξ=0.120
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Not just the slow down decrement qualifies/quantifies a moderator:

▪ Slow down decrement 𝝃 determines the minimum number of collisions to thermalize N =
ln 2 𝑀𝑒𝑉 / 0.025 𝑒𝑉 /𝜉

▪ A good moderator must also have Σ𝑠 (thus

its density is imporatnt). This means that the 

macroscopic slowing-down power = 𝝃𝜮𝒔
must be large!

▪ A good moderator must also not absorb much.

Moderating Ratio = 𝝃𝜮𝒔/𝜮𝒂 must be large!

Moderator Characteristics 20


	Slide 1: Multiplication Factor (Part II) & Slowing Down
	Slide 2: Reminder on Multiplication Factor
	Slide 3: Critical Reactors – One-group Reactor Equation
	Slide 4: Fission spectrum → Thermal spectrum 
	Slide 5: Infinite Thermal Reactor – 4 factor formula 
	Slide 6: 4 factor formula – Thermal Multiplication Factor 
	Slide 7: 4 factor formula – Fuel Utilization Factor 
	Slide 8: 4 factor formula – Fast Fission Factor 
	Slide 9: Infinite Thermal Reactor – 4 factor formula 
	Slide 10: Infinite Thermal Reactor – 4 factor formula 
	Slide 11: Finite Thermal Reactor – 6 factor formula 
	Slide 12: Neutron life circle
	Slide 13: Slowing Down
	Slide 14: Study of an Elastic Collision
	Slide 15: Study of an Elastic Collision - Fractional Energy Loss
	Slide 16: Study of an Elastic Collision - Fractional Energy Loss
	Slide 17: Study of an Elastic Collision  - Slow down decrement
	Slide 18: Study of an Elastic Collision  - Slow down decrement
	Slide 19: Moderator characteristics
	Slide 20: Moderator Characteristics

